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Abstract Rotating disk subjected to stationary slider loading system is a very common mechanical
structure. This paper investigates the multibody dynamics of a rotating ﬂexible annular thin disk
subjected to double slider loading systems. Along the rotating disk radial and circumferential
directions, two stationary slider loading systems are distributed. System dynamic model is solved by
Galerkin’s method, and then natural frequency, dynamic stability and mode shape are determined
with a quadratic eigenvalue problem. Eﬀects of the distributing positions and interaction mechanism
of the double slider loading systems on natural frequency, dynamic stability and mode shape are
discussed and investigated. c© 2012 The Chinese Society of Theoretical and Applied Mechanics.
[doi:10.1063/2.1206304]
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Rotating disks subjected to stationary slider loading
system are very common parts or structures in mechan-
ical engineering, such as automobile brake disks circular
saws and computer hard disk drives. This mechanical
structure is governed as the disk/slider problem, and
has been widely investigated theoretically and experi-
mentally. Shen1 investigated a stationary annular disk
subjected to a rotating slider loading system, and ob-
served that the disk damping can suppress the insta-
bility induced by the slider loading system. Chen and
Bogy2 and Young and Lin3 modeled a rotating ﬂexible
annular thin disk subjected to a stationary slider load-
ing system, and discussed eﬀects of slider mass, damp-
ing and stiﬀness on the natural frequency and dynamic
stability of the rotating disk. Ouyang et al.4,5 investi-
gated the parametric resonances of a stationary ﬂexi-
ble disk subjected to a series of rotating mass-spring-
damper loading systems, and the genetic algorithm was
used to obtain the optimal positions of the loading sys-
tems to reduce or suppress the dynamic instability in-
duced by the disk/slider surface friction for automobile
brake disks. To simulate the reading/writing process in
computer hard disk drives, Pei et al.6,7 modeled a ro-
tating ﬂexible disk perturbed by the angular movement
of suspension-slider loading system, it was found that
the motion of the suspension-slider loading system in-
duces an additional relative vibration deﬂection of the
slider, and even a reciprocating angular movement can
induce the system parametric instability at some angu-
lar movement frequencies.
However, an above works on the disk/slider problem
only pay attention to natural frequency and dynamic
stability, while the eﬀect of the slider on the rotating
disk mode shape has not been indicated and investi-
gated. Furthermore, the investigation on the rotating
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Fig. 1. Rotating disk under double slider systems.
ﬂexible disk subjected to a single slider loading system
is common, but that subjected to multiple slider loading
systems is very seldom. In this paper, two stationary
slider loading systems are distributed radially and cir-
cumferentially on a rotating ﬂexible thin disk. In the
view of multibody dynamics, eﬀects of the distributing
positions and interaction mechanism of the double slider
loading systems on system natural frequency, dynamic
stability and mode shape are investigated.
As shown in Fig. 1, polar coordinates (r, θ) ﬁxed on
the ground is used to model the rotating disk system in
this paper. A ﬂexible annular thin disk with thickness
h is clamped at inner radius r = b and free at outer
radius r = a, and the disk rotates at an angular speed
Ω. Along the rotating disk radial and circumferential
directions, several stationary mass-spring ms−ks slider
loading systems are distributed, and they locates upon
(rjs , θ
j
s ) of the disk, j = 1, 2, · · · , J , where J is their
total number, and let εjs = (r
j
s − b)/(a − b). Without
loss of generality, the slider loading systems are assumed
to have the identical mass ms and stiﬀness ks in order
to highlight eﬀects of their distributing positions. Vi-
brational transverse deﬂection of the rotating disk is ex-
pressed as w(r, θ, t) in the polar coordinates ﬁxed on the
ground. In the view of application of hard disk drives,
the disk/slider surface friction can be ignored due to the
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air ﬁlm bearing system, and the disk/slider can hold the
same deﬂection at their contact point. From Refs. 1–
6, the rotating ﬂexible annular thin disk subjected to
several slider loading systems can be modeled as
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where D = Eh3/[12(1 − ν)2], E, ν and ρ are Young’s
modulus, Poisson’s ratio and mass density of the disk,
respectively; δ is the Direc delta function; J is the total
number of slider systems; σr and σθ are the disk radial
and circumferential membrane stress resultants in Pei
et al.6,7
Fundamental parameters of the rotating disk system
are selected as a = 47.5 mm, b = 17.5 mm, h = 0.6 mm,
E = 200 GPa, ρ = 7840 kg/m3, ν = 0.3 in this paper.
As the inner and outer boundary conditions, one has
w = ∂w/∂r = 0 at the clamped edge r = b of the disk,
and the disk bending moment and shear force vanish at
the free edge r = a, as presented in Young and Lin.3
Using complex exponential trigonometric functions
as circumferential shape function and Bessel functions
as radial shape function of the annular disk, the solution
of transverse deﬂection w can be assumed as
w =
∞∑
m=0
∞∑
n=−∞
e inθϕm,n(r)xm,n(t), (2)
where m and n are the numbers of nodal circles and
diameters, ϕm,n(r) is the radial shape function in Bessel
functions of disk mode (m,n) from Pei et al.6,7
From Galerkin’s method for n nodal diameters, a
coupled ordinary diﬀerential equation (ODE) system
can be obtained by substituting the solution Eq. (2)
into the system dynamic model Eq. (1),
∂2xn
∂t2
+ i 2nΩ
∂xn
∂t
+ (Sn +Ω
2Ln−
n2Ω2I1)xn +
J∑
j=1
Nn∑
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e i (−n+k)θ
j
s
2πρh
·
Hn,k(r
j
s )(msx¨k + ksxk) = 0,
(3)
where xn = [x0,n, x1,n, · · · , xNm,n]T for m = 0, 1, · · · ,
Nm; matrices I1, Sn, Ln and Hn,k can be found in Pei
et al.6
Introducing dimensionless variables τ = ω0t, Ω =
ζω0, K = S/ω
2
0 and ks = msγ
2
s ω
2
0 , and col-
lecting the coupled system Eq. (3) by using X =
[xT−Nn,x
T
−Nn+1, · · · xT−Nn]T for n = −Nn, · · · , –2, –
1, 0, 1, 2, · · · , Nn yields
(I +msH)
∂2X
∂τ2
+ i 2ζIn
∂X
∂τ
+
[K +msγ
2
sP + ζ
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(4)
where ω0 is the natural frequency of disk mode (0, 0)
for a non-rotating free disk without any slider loading
system; see Pei et al.6,7 for matrices: S, L, I, In and
I2n
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n, k = −Nn, Nn + 1, · · · , Nn.
Homogenous solution of Eq. (4) can be assumed as
X = Ae λτ . (5)
And then substituting the homogenous solution Eq. (5)
into Eq. (4) yields a quadratic eigenvalue problem in
Pei et al.6,7
{λ2(I +msH) + λ(i 2ζIn)+
[K +msγ
2
sP + ζ
2(L− In2)]}A = 0.
(6)
From the quadratic eigenvalue problem Eq. (6) calcu-
lated by Matlab, the imaginary part Im(λ) is the system
natural frequency, and the rotating disk system is un-
stable when any real part Re(λ) is positive.
Let the eigenvector A = [aT−Nn,a
T
−Nn+1, · · · ,
aT−Nn]
T and an = [a0,n, a1,n, · · · , aNm,n]T for an eigen-
value λ determined from Eq. (6), its corresponding disk
mode shape can be constructed as
wλmode(r, θ) =
∞∑
m=0
∞∑
n=−∞
e inθϕm,n(r)am,n. (7)
Without loss of generality, the case of double slider
loading systems J=2 is considered in this paper to high-
light and reveal eﬀects of the slider distributing posi-
tions and their fundamental interaction mechanism on
system natural frequency, dynamic stability and disk
mode shape.
Figure 2 illustrates the imaginary and real part of
the eigenvalue Im(λ) (for the analysis of natural fre-
quency) and Re(λ) (for the analysis of dynamic sta-
bility) varying with the disk rotating speed ζ for dif-
ferent slider distributing positions (εjs , θ
j
s ), j = 1 and
2. As shown in Fig. 2(a) for the rotating disk with-
out any slider loading system, the natural frequency
Im(λ) is split into the forward and backward traveling
waves with the increase of disk speed ζ for each disk
mode (m,n) of n =0, and the rotating disk system is
always stable due to Re(λ)≡0. As a backward travel-
ing wave frequency Im(λ) equals zero, then its corre-
sponding critical rotating speed Ωcr is deﬁned and a
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Fig. 2. Eigenvalue varying with disk rotating speed. ms = 0.02, γs = 0.4.
large vibration deformation can occur in the rotating
disk. Since the matrices in Eq. (6) are Hermitian, the
eigenvalue λ always comes into pairs ±Re(λ) + Im(λ).
Therefore, Fig. 2 only remains and presents the posi-
tive one of Re(λ). The slider loading system can cause
dynamic instability of the rotating disk system as in-
dicated in Figs. 2(b)–2(f), i.e. one has Re(λ) > 0 at
large disk speed ζ. In Figs. 2(b) and 2(d), ε1s = ε
2
s and
θ1s = θ
2
s imply that the two slider loading systems locate
at same radial and circumferential position and they act
as a single slider in fact. The slider loading systems at
disk outer edge can cause the instability more easily,
and their corresponding natural frequencies decrease at
high speed. When ε1s = ε2s or θ1s = θ2s in Figs. 2(c), 2(e)
and 2(f), inﬂuences and interactions of the double slider
loading systems are presented and compared with each
other. By comparing Figs. 2(d)–2(f) under same radial
position ε1s = ε
2
s , it can be observed that the natural fre-
quencies Im(λ) increase with angular interval |θ1s − θ2s |
at low speed. Furthermore, much evident dynamic in-
stability with larger value Re(λ) appears in Fig. 2(c)
than Fig. 2(f) due to the existence of the slider loading
system at the radial position ε2s = 0.75 at disk outer
edge.
Mode shapes of the rotating ﬂexible disk subjected
to slider loading systems are presented in Fig. 3 where
the disk mode shape is plotted in contour lines, and the
black dot “•” represents the radial and circumferential
position of a slider loading system. For the rotating
disk without any slider loading system, Figs. 3(a) and
3(g) whether there is rotation or not, the disk mode
shapes are consistent with the disk mode original deﬁ-
nition (m,n): m and n are the numbers of nodal circles
and diameters in shapes i.e. Figs. 3(a1), 3(g5) is the
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Re(λ)=0, Im(λ)=1    Re(λ)=0, Im(λ)=1.004    Re(λ)=0, Im(λ)=1.17   Re(λ)=0, Im(λ)=1.753   Re(λ)=0, Im(λ)=2.771
Re(λ)=0, Im(λ)=0.442  Re(λ)=0, Im(λ)=1.001 Re(λ)=0, Im(λ)=1.004     Re(λ)=0, Im(λ)=1.1   Re(λ)=0, Im(λ)=1.17
(a1) (a2) (a3) (a4) (a5)
(b1) (b2) (b3) (b4) (b5)
Re(λ)=0, Im(λ)=0.549  Re(λ)=0, Im(λ)=0.957 Re(λ)=0, Im(λ)=1.004     Re(λ)=0, Im(λ)=1.083   Re(λ)=0, Im(λ)=1.17
Re(λ)=0, Im(λ)=0.598  Re(λ)=0, Im(λ)=1.001 Re(λ)=0, Im(λ)=1.004     Re(λ)=0, Im(λ)=1.105   Re(λ)=0, Im(λ)=1.17
(c1) (c2) (c3) (c4) (c5)
(d1) (d2) (d3) (d4) (d5)
(e1) (e2) (e3) (e4) (e5)
(f1) (f2) (f3) (f4) (f5)
Re(λ)=0, Im(λ)=0.701  Re(λ)=0, Im(λ)=0.703 Re(λ)=0, Im(λ)=1.002     Re(λ)=0, Im(λ)=1.067   Re(λ)=0, Im(λ)=1.17
Re(λ)=0, Im(λ)=0.699  Re(λ)=0, Im(λ)=0.706 Re(λ)=0, Im(λ)=1.004     Re(λ)=0, Im(λ)=1.066   Re(λ)=0, Im(λ)=1.17
Fig. 3. Disk mode shape in contour lines. ms = 0.02, γs = 0.4. (a)–(f) ζ = 0; (g)–(j) ζ = 0.5. (a) Without slider J = 0; (b)
ε1s = 1, θ
1
s = 90
◦, ε2s = 1, θ
2
s = 90
◦; (c) ε1s = 0.25, θ
1
s = 0
◦, ε2s = 0.75, θ
2
s = 180
◦; (d) ε1s = 0.5, θ
1
s = 90
◦, ε2s = 0.5, θ
2
s = 90
◦;
(e) ε1s = 0.5, θ
1
s = 45
◦, ε2s = 0.5, θ
2
s = 135
◦; (f) ε1s = 0.5, θ
1
s = 0
◦, ε2s = 0.5, θ
2
s = 180
◦; (g) Without slider J = 0; (h) ε1s = 0.5,
θ1s = 90
◦, ε2s = 0.5, θ
2
s = 90
◦; (i) ε1s = 0.5, θ
1
s = 0
◦, ε2s = 0.5, θ
2
s = 180
◦; (j) ε1s = 0.25, θ
1
s = 0
◦, ε2s = 0.75, θ
2
s = 180
◦.
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Re(λ)=0, Im(λ)=0.404  Re(λ)=0, Im(λ)=0.48 Re(λ)=0, Im(λ)=0.628     Re(λ)=0, Im(λ)=0.89   Re(λ)=0, Im(λ)=1.04
(h1) (h2) (h3) (h4) (h5)
Re(λ)=0, Im(λ)=0.405  Re(λ)=0, Im(λ)=0.49 Re(λ)=0, Im(λ)=0.7     Re(λ)=0, Im(λ)=0.991   Re(λ)=0, Im(λ)=1.173
(g1) (g2) (g3) (g4) (g5)
(i1) (i2) (i3) (i4) (i5)
(j1) (j2) (j3) (j4) (j5)
Re(λ)=0, Im(λ)=0.404  Re(λ)=0, Im(λ)=0.479 Re(λ)=0, Im(λ)=0.636     Re(λ)=0, Im(λ)=0.851   Re(λ)=0, Im(λ)=1.044
Re(λ)=0, Im(λ)=0.404  Re(λ)=0, Im(λ)=0.473 Re(λ)=0, Im(λ)=0.611     Re(λ)=0, Im(λ)=0.866   Re(λ)=0, Im(λ)=1.046
Fig. 3. Disk mode shape in contour lines. ms = 0.02, γs = 0.4. (a)–(f) ζ = 0; (g)–(j) ζ = 0.5. (a) Without slider J = 0;
(b) ε1s = 1, θ
1
s = 90
◦, ε2s = 1, θ
2
s = 90
◦; (c) ε1s = 0.25, θ
1
s = 0
◦, ε2s = 0.75, θ
2
s = 180
◦; (d) ε1s = 0.5, θ
1
s = 90
◦, ε2s = 0.5,
θ2s = 90
◦; (e) ε1s = 0.5, θ
1
s = 45
◦, ε2s = 0.5, θ
2
s = 135
◦; (f) ε1s = 0.5, θ
1
s = 0
◦, ε2s = 0.5, θ
2
s = 180
◦; (g) Without slider J = 0;
(h) ε1s = 0.5, θ
1
s = 90
◦, ε2s = 0.5, θ
2
s = 90
◦; (i) ε1s = 0.5, θ
1
s = 0
◦, ε2s = 0.5, θ
2
s = 180
◦; (j) ε1s = 0.25, θ
1
s = 0
◦, ε2s = 0.75,
θ2s = 180
◦ (continued).
disk mode (0, 0), 3(a2), 3(g3) is (0, 1), 3(a3), 3(g1)
is (0, 2), 3(a4), 3(g2) is (0, 3), 3(a5), 3(g4) is (0, 4).
In addition, these disk mode shapes are circumferen-
tially periodically symmetric. The rotation changes the
order of natural frequencies Im(λ) (i.e. the variation
of the backward traveling waves) in Fig. 3(g). For a
non-rotating disk ζ = 0 with the slider loading sys-
tems, Figs. 3(b3), 3(c3), 3(d3), 3(f3) have the same nat-
ural frequency Im(λ) and mode shape as Figs. 3(a2),
and 3(b5), 3(c5), 3(d5), 3(e5), 3(f5) have the same as
Fig. 3(a3), since these mode shapes can assign and hold
zero deﬂection just at the slider radial and circumferen-
tial positions, and the slider loading system has nothing
to do with system dynamics for these modes. Figure
3(b1), 3(b2), 3(c1), 3(c2), 3(d1), 3(d2), 3(e2), 3(f2) are
some distortions of Fig. 3(a1) to adapt to the existence
of the slider loading systems, and similar distortion oc-
curs in other disk modes. Therefore, the slider loading
systems break and challenge the current original deﬁ-
nition of disk mode and result in some new disk mode
shapes. Due to disk rotational inertia and eccentricity,
the disk mode shape cannot hold zero deﬂection any-
more at the slider loading system radial and circumfer-
ential positions to adapt to the existence of the sliders
in Figs. 3(h)–3(j). The ﬁrst three modes in Figs. 3(h)–
3(j) have a not too big variation of the natural frequency
Im(λ) and mode shape compared with Fig. 3(g), but the
last two vary considerably and signiﬁcantly. In addition,
a circumferentially periodically symmetric distribution
of the slider loading systems always result in periodi-
cally symmetric disk mode shapes as shown in Fig. 3(i).
The variation of the rotating disk mode shape is a result
of the interaction between disk and sliders through the
way of energy equilibrium.
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(1) At low disk rotating speed, natural frequency
can be increased by an optimal circumferential distri-
bution of the double slider loading systems.
(2) Due to the disk rotational inertia and eccentric-
ity, disk mode shape cannot hold zero deﬂection any-
more at the positions of slider loading systems.
(3) This paper proposes a novel topic on rotating
disk, and it may contribute to arousing a brand new
hard disk drive of high data transfer rate with multiple
read/write heads.
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